Let E be a one-parameter family of elliptic curves over Q. We prove that the average root number is zero for a large class of families of elliptic curves of fairly general type. Furthermore, we show that any family E with at least one point of multiplicative reduction over Q(T ) has average root number 0, provided that two classical arithmetical conjectures hold for two polynomials constructed explicitly in terms of E . The behaviour of the root number in any family E without multiplicative reduction over Q(T ) is shown to be rather regular and non-random; we give expressions for the average root number in this case.
Introduction
Let E be an elliptic curve over Q. Its root number W (E) = ±1 is the sign of its functional equation:
where N E is the conductor of E. Given an elliptic curve 1 E over Q(T ), one may ask how W (E (t)) varies as t ∈ Q varies.
The natural expectation is that W (E (t)) be equidistributed. We will see that this holds in a strong sense whenever E has at least one place of multiplicative reduction, provided that two standard arithmetical conjectures hold. Since the conjectures have been proved in some cases, the result is unconditional for some families. If E has no places of multiplicative reduction, the average of W (E (t)) need no longer be zero; we will obtain an expression for the average as an infinite product.
If the equidistribution of W (E (t)) were proven unconditionally for any E for which our results are merely conditional, a standard and currently intractable conjecture in number theory would follow. Thus, we seem to be closing the subject of the distribution of the root numbers of elliptic curves for the time being.
The behaviour of W (E (t)) will be shown to depend strongly on the arithmetic of Z. Consider the following examples, for which our results are unconditional:
has average root number 0 for t ∈ Z y 2 = x 3 − x/12 − (11 + t)/864 av. root number 0 for t ∈ Q ( §2.1) y 2 = x 3 − x/16 − (2 + 7t)/864 av. root number 0 for t ∈ Q y 2 = x 3 − 1 48 (2 − 4t + t 2 ) − 1 864 (3 + 9t − 6t 2 + t 3 ) av. root number 0 for t ∈ Q y 2 = x(x + a)(x + b) av. root number 0 for a, b ∈ Z.
We will see that the fact that the first family has average root number 0 over every arithmetic progression is equivalent to the fact that the Liouville function λ (or the Möbius function µ) averages to zero over every arithmetic progression. The remaining examples follow from (and imply) particular cases of the recently solved parity problem for degree 3 ([17] , [16] ; cf. [9] , [13] , [14] ). The last example does not require the apparatus developed in the body of this paper, and will be dealt with briefly (Prop. 6.8) . It reduces to essentially the same problem as the second example.
Consider now the following example:
where f 1 (t) = −5 − 2t 2 , f 2 = 2 + 5t 2 . We will prove (unconditionally) that E (t) has average root number 0.1527 . . . as t varies over Q ( §6.2, (6.4)). Notice that the family has no points of multiplicative reduction as a curve over Q(T ); only when this is the case can the average be non-zero over Q. Moreover, the average must be strictly between −1 and 1, unless the family is isotrivial. Joint work with B. Conrad and K. Conrad ([4] ), stemming from the present paper, has shown that, over function fields F q (u), there are families E with places of multiplicative reduction and constant root number. At issue is a deep difference between the arithmetic of Z and the arithmetic of F q (u) ( [3] ). If the Birch-Swinnerton-Dyer conjecture holds, then rank(E (t)(K)) ≥ rank(E (K(T )))+ W (E (t)) for all but finitely many t ∈ K (by the specialization theorem; vd. [31] , Thm. C). Thus, the average root number gives a lower bound for the rank; this fact is used in [4] to construct families with excess rank. The distribution of the root number is also crucial to issues of the distribution of the zeroes of L-functions of elliptic curves; see [21] for an application of the main result of the present paper.
Overview
2.1. Preliminaries. Let K be a global field. Given a place v of K(T ), we define the homogeneous polynomial P v = y deg Q Q v (x/y) if v is given by a polynomial Q v ∈ K[t], and P v = y if v = deg(den) − deg(num). The choice among all Q v for a given v is arbitrary; thus, given a finite, non-empty set S of places of K, we may assume P v ∈ O K,S [x, y] .
We 
where we say that E has q. bad red. at v if every quadratic twist of E has bad reduction at v. Both M E and B E are square-free.
Given a function f : Z → C and an arithmetic progression a + mZ, we define
If av a+mZ f = 0 for all a ∈ Z, m ∈ Z + , we say that f has strong zero average over the integers. Given a function f : Z 2 → C, a lattice coset L ⊂ Z 2 and a sector S ⊂ R 2 (see section 3.6), we define
We say that f has strong zero average over Z 2 if av S∩L f = 0 for all choices of S and L. Given a function f : Q → Z, a lattice coset L ⊂ Z 2 and a sector S ⊂ R 2 , we define
.
We say that f has strong zero average over the rationals if av Q,S∩L f = 0 for all choices of S and L. We are making our definition of zero average strict enough for it to be invariant under fractional linear transformations. Moreover, by letting S be arbitrary, we allow sampling to be restricted to any open interval in Q. Thus our results will not be imputable to peculiarities in averaging order or to superficial cancellation. We say that only a zero proportion of all integers n satisfy a given property P if #{1 ≤ n ≤ N : P(n)} = o(N ). Similarly, we say that only a zero proportion of all pairs (x, y) of coprime integers satisfy a property P if #{−N ≤ x, y ≤ N, x, y coprime : P(x, y)} = o(N 2 ).
2.2.
Assumptions. By Theorem 0.0 (X(P ), Y(Q)) we mean a theorem conditional on hypotheses X and Y in so far as they concern the objects P and Q, respectively. A result whose statement does not contain parentheses after the numeration should be understood to be unconditional.
Hypothesis A 1 (P ). Let P ∈ Z[x] be given. Only for a zero proportion of all integers n do we have a prime p > √ n such that p 2 |P (n).
Hypothesis A 2 (P ). Let a homogeneous P ∈ Z[x, y] be given. Only for a zero proportion of all pairs of coprime integers (x, y) do we have a prime p > max(x, y) such that p 2 |P (x, y).
Hypotheses A 1 (P ) and A 2 (P ) are believed to hold for all square-free P . The abcconjecture would imply as much ( [10] , Thm. 8). We know A 1 (P ) (resp. A 2 (P )) unconditionally when P has no irreducible factor of degree larger than 3 (resp. larger than 6). See [7] , [8] , [11] ; vd. [15] for sharper bounds.
Hypothesis B 1 (P ). Let P ∈ Z[x] be given. Then λ(P (n)) has strong zero average over the integers.
Hypothesis B 2 (P ). Let a homogeneous P ∈ Z[x, y] be given. Then λ(P (x, y)) has strong zero average over Z 2 .
(Recall the Liouville function λ(n) = p|n (−1) vp(n) .) Hypotheses B 1 (P ) and B 2 (P ) are believed to hold for all non-constant, square-free P . (This is a conjecture of Chowla's ( [2] , p. 96), closely related to the Bunyakovsky/Schinzel conjecture on primes represented by polynomials.) The prime number theorem implies B 1 (P ) and B 2 (P ) for deg P = 1; essentially the same analytical techniques suffice to prove B 2 (P ) for deg P = 2. Hypothesis B 2 (P ) has been proved ( [16] ) for deg P = 3 by a parity-breaking approach.
2.3. Results.
. Let E be a family of elliptic curves over Q. Assume that M E (t, 1) is not constant. Then t → W (E (t)) has strong zero average over the integers.
. Let E be a family of elliptic curves over Q. Assume that M E is not constant 2 Then t → W (E (t)) has strong zero average over the rationals.
We will also prove that, assuming A j and B j for certain polynomials, all autocorrelations of W (E (t)) are zero. If A 1 (B E (t, 1)) (resp. A 2 (B E )) is assumed, then B 1 (M E (t, 1)) (resp. B 2 (M E )) holds if and only if W (E (t)) has strong zero average over the integers (resp. over the rationals). As pointed out in the introduction, this means that it is extremely unlikely that zero average will be proven unconditionally in the foreseeable future for any families for which Thms. 2.1, 2.2 are conditional.
Since B 1 (P ) (resp. B 2 (P )) does not hold for P constant, the case M E (t, 1) = 1 (resp. M E = 1) is not covered by Thm. 2.1 (resp. Thm. 2.2). In that case, we will be able to express av a+mZ W (E (t)) and av Q,S∩L W (E (t)) as infinite products (Thm. 6.3, 6.4).
2.4.
Generalizations. Let E now be an elliptic curve over K(T ), where K is either a number field or a function field. The root number W (E (t)) can be described in the same way whether or not K = Q (Prop. 5.4). Consider first the case of K a number field. The analogues of A j (P ) (resp. B j (P )) could then probably be proved for deg P ≤ 6 (resp. deg P ≤ 3), just as for K = Q; they are certainly believed to hold in general. It is not clear what the most natural convention for averaging W (E (t)); Prop. 5.4 ought to yield average zero under any reasonable convention, but a fair amount of ad-hoc work would be required for any given one. Note that, for a generic number field K, the functional equation is still conjectural; the root number W (E) has to be seen as defined by the product of local root numbers that is used to compute it.
Let K be a function field. Then we face a qualitatively different situation: on the one hand, A 1 (P ) and A 2 (P ) are known to hold for all square-free P ( [23] , [22] ); on the other hand, B 1 (P ) and B 2 (P ) are false for some non-constant, square-free P ( [3] ). There are families E over K(T ) with W (E (t)) constant and M E = 1 ([4] ).
We will express the average of W (E (t)) as an infinite product when E is a family without multiplicative reduction over K(T ), where K = F q (u) and q is not a power of 2 or 3. The key intermediate result (Prop. 5.4) is valid over any global field of char. = 2, 3. Families of elliptic curves over function fields of char. 2 or 3 present technical difficulties due to the ubiquity of wild ramification.
2.5.
Relation to the previous literature.
2.5.1.
Algebraic aspect. The decomposition of the root number W (E) into local root numbers is a classical result [6] . The local root numbers at places with residue field characteristic = 2, 3 were explicited by Rohrlich ([26] , [27] , [28] ). The case of residue field characteristic 3 was made explicit by Kobayashi ([19] ); the resulting expressions are complicated enough that a similar treatment of residue field characteristic 2 is likely to be nearly unworkable. Over Q, the root numbers W 2 (E), W 3 (E) were described in lengthy tables by Halberstadt ([12] ); no clear pattern is discernible. As a consequence, much work on root numbers up to now ( [25] , [33] ) has had to involve either very substantial case-work or limitations to certain convenient congruence classes.
In Thm. 4.13, we show that any local root number W (E (t)) equals a finite combination of characters of a certain form. This qualitative characterization allows us to work with the local root numbers at all places of a number field (or of a function field of char = 2, 3) with essentially no case-work.
2.5.2.
Analytic aspect. Starting with [26] , there was a series of papers ( [20] . [28] , [24] , [25] , [33] ) on average root numbers in one-parameter families. The cases treated in [20] , [24] and [25] all lack multiplicative reduction, and thus sometimes have a non-zero average root number, which may be computed with the methods developed in the present paper (Thms. 6.3, 6.4). Note that the family treated in [25] has non-zero average root number over Z, but not over Q; we will see an example of a non-constant family with non-zero average root number over Q in §6.2. It was intimated in [20] that the case of multiplicative reduction (identified by a certain technical condition, rather than reduction type) presented essential analytical difficulties. The likelihood of a relation of some sort between root number problems and the parity problem was already intuited by S. Wong [33] . One of the main points of this paper is to establish a precise relation.
Our main intermediate result (Prop. 5.4) is valid both over number fields and function fields. Since, as it was pointed out by [3] , the behaviour of the Liouville function λ on function fields differs clearly from its behaviour on number fields, Prop. 5.4 implies that there are families E over F q (u, t) for which W (E (t)) cannot have strong zero average over F q (u). This idea was developed further in [4] , where a family with excess rank at every fiber was constructed.
Notation

Fields and valuations.
For us, a field K will be global if it is either a number field or the function field of a curve over a finite field. We write M K for the set of all places of K, and M K,∞ for the set of archimedean places of K. Given a finite, non-empty set S of places of K containing M K,∞ , we write O K,S for the ring of S-integers of K and I K,S for the semigroup of non-zero ideals of O K,S . By a prime we shall mean either a place not in S or the prime ideal of O K,S corresponding thereto, where S is given.
We denote the algebraic closure of a field K by K, and its separable closure by K s . A field is local if (a) it is complete with respect to a non-trivial discrete valuation, and (b) its residue field is finite. Given a local field K and its valuation v, a ball is a set of the form
The valuation v is always normalized so that its range is Z.
3.2.
Ideals. Let R be a Dedekind domain. Let a be a non-zero ideal of R. We let sq(a) = p 2 |a p vp (a)−1 , λ(a) = p|a (−1) vp (a) . By a|b ∞ we will mean that p|b for every prime ideal p dividing a.
3.3.
Polynomials. Let R be a Dedekind domain; let K be its field of fractions. Throughout, we will say that two polynomials f , g in R[x] or K[x] have no common factors if they are coprime 3 as elements of K[x]. The same usage will hold for polynomials in two variables: f , g in R[x, y] or K[x, y] have no common factors if they are coprime as elements of K[x, y].
As is standard, we define the resultant of two polynomials f, g ∈ K[x] to be the determinant of the corresponding Sylvester matrix. Given two homogeneous polynomials f, g ∈ K[x, y], we define the resultant to be the determinant of the Sylvester matrix    a n · · · · · · a 0 0 · · · 0 . . .
If f and g are polynomials in R[x] without common factors, then Res(f, g) is an element of R divisible by the ideal gcd(f (a), g(a)) for every a ∈ R. If f and g are homogeneous polynomials in R[x, y] without common factors, then Res(f, g) is an element of R divisible by the ideal gcd(f (a, b), g(a, b)) for every pair (a, b) ∈ R 2 with gcd(a, b) = 1.
3.4. Elliptic curves. Let E be an elliptic curve over a field K. We write E([m]) for the set of points of order m on E, and T ℓ (E) for the Tate module. If K is a local field, we denote the reduction of E by E.
Characters.
A character of an abelian group G is a continuous homomorphism from G to S 1 ⊂ C. Given a global field K and a prime ideal p thereof, we denote by (·/p) the quadratic reciprocity symbol, that is, the quadratic character of the residue field of K p .
3.6. Sectors and lattices. A lattice is a subgroup of Z n of finite index; a lattice coset is a coset of such a subgroup. By the index [Z n : L] of a lattice coset L we mean the index of the lattice of which it is a coset. By a sector we will mean a connected component of a set of the form R n − (T 1 ∩ T 2 ∩ · · · ∩ T n ), where T i is a hyperplane going through the origin. We say a sector is algebraic if every T i can be defined by an equation with algebraic coefficients. 
Pliant functions and local root numbers
A complex-valued function on V is an equivalence class (U, f ) , or, by abuse of language, a function f : U → C inducing such an equivalence class. The set C V of all complex-valued functions on V has the structure of a C-algebra. Definition 1. Let K be a local field. The algebra of pliant functions on K is the Q-subalgebra of C P 1 (K) generated by all complex-valued functions of the form (U, t → χ(P (t))) , where P ∈ (K(T )) * , χ is a character of K * , and U is the set of points t ∈ K where P (t) = 0, ∞. An element of the algebra of pliant functions is called a pliant function on K.
In other words, the algebra of pliant functions is the smallest Q-subalgebra of C P 1 (K) that contains all characters of K * and is right-invariant under composition with automorphisms of P 1 (K).
Pliant functions can be characterized locally ( §4.2). Given a family E of elliptic curves over K, the map t → W (E (t)) given by the local root number W is pliant ( §4.6). The integral U f of a pliant function f on an open compact subset U ⊂ K is an explicitly computable rational number ( §4.4). Definition 2. Let K be a global field. The algebra of pliant functions on K is the Q-subalgebra of C P 1 (K) generated by all complex-valued functions of the form
An element of the algebra of pliant functions is called a pliant function on K.
A finite product of pliant functions on different localizations of a global field K is itself pliant, but an infinite product need not be, even if it is well-defined. In particular, given a family E of elliptic curves over K, the map t → W (E (t)) given by the root number W (E) = v W v (E) will not in general be pliable.
Our aim in §5 will be to express W (E (t)) as a product of a pliant function (or, in general, a bipliant function; see Def. 3), a correction factor taking the value 1 at most t ∈ K, and a map of the form x/y → λ(P (x, y)), where P ∈ K[x, y] is a homogeneous polynomial. This will be possible because global reciprocity symbols give rise to pliable functions ( §4.5).
Local behaviour.
Proposition 4.1. Let K be a local field. A complex-valued function f on K is pliant if and only if, for every t 0 ∈ P 1 (K), there is a punctured ball U t 0 ⊂ U around t 0 and an open subgroup A t 0 of K * such that, for all t ∈ U t 0 , the value g(t) depends only on the
Proof. Let f be a pliant function. We may assume f is of the form (U, t → χ(P (t))) . If t 0 = ∞, apply the transformation t → t −1 . Suppose, then, that t 0 = ∞. We can write
where Q is a rational function having neither a pole nor a zero at t 0 . Then there is a neighbourhood
Let f be a complex-valued function g : V → C satisfying the condition in the statement.
We may take U = O K . Let π be a representative of the prime ideal p of K. Then We want to define a family of operators (·|·) that we may manipulate much like reciprocity symbols. Consider a function
for every non-zero ideal d of R. Assume that (·|·) d satisfies the following conditions: 
for all but finitely many pairs (x, y) ∈ R 2 with gcd(x, y)|d 0 .
Proof. If deg(g) = 0 the result follows from condition (4) . If deg(f ) = 0 the result follows from (7) and (4). If f or g is reducible, the statement follows by (1) or (2) from cases with lower deg(f ) + deg(g). If f is irreducible and g = cx, c a non-zero element of R, then by (1), (2), (3) and (7),
for some f d , g d 0 ,d ∈ C , and the result follows from (4), the definition of D and the already treated case of [constant, x] d . The same works for f irreducible, g = cy. The case of g irreducible, f = cx or cy follows from (7) and the foregoing. For f , g irreducible, deg(f ) < deg(g), we apply (7) . We are left with the case of f , g irreducible, f, g = cx, cy, For every place v, the function g :
Hence we obtain 4.6. Local root numbers. Let K be a local field of characteristic = 2, 3. Let E be an elliptic curve over K(T ). We will prove that t → W (E (t)) is pliant. Notice that we must treat local fields whose residue fields have characteristic 2 or 3, as they arise as localizations of number fields. Thus we cannot simply make use of formulae valid only when the characteristic of the residue field is greater than 3 (Prop. 5.1).
Lemma 4.6. Let K be a local field. Let m ≥ 2 be an integer prime to the characteristic of the residue field of K. Let a minimal Weierstrass model over K give an elliptic curve E with good reduction. Then the map
induced by the reduction of the model is a bijective homomorphism.
Proof. The map is injective by [32] , Ch. VII, Prop. 3.1(b) and a homomorphism by [32] , Ch. VII, Prop. 2.1. It remains to show that it is surjective. We have a commutative diagram
. By [32] , Ch. VII, Prop. 2.2 and Ch. IV, Prop.
As pointed out by B. Conrad [5] , the following proposition follows from a general result [18] on the local constancy of local systems over schemes of finite type over local fields. A representation-theoretical argument is also possible ( [29] ). We give an elementary proof.
Proposition 4.7. Let K be a local field. Let a 1 , . . . , a 6 ∈ O K be the coefficients of a Weierstrass model for an elliptic curve E with potential good reduction. Then there is an ǫ > 0 such that any a 1 , . . . , a 6 ∈ O K with |a j − a j | < ǫ are the coefficients of a Weierstrass model for an elliptic curve E with W (E) = W (E).
Proof. Let E acquire good reduction over a finite extension L/K. Then there is a change of variables x ′ = u 2 x + r, y ′ = u 3 y + u 2 sx + t with u, r, s, t ∈ O L sending the original model a 1 , . . . , a 6 to a minimal model a ′ 1 , . . . , a ′ 6 with good reduction. By Lem. 4.6, any two distinct points P 1 , P 2 ∈ E[m] have either |x(P 1 ) − x(P 2 )| ≥ 1 or |y(P 1 ) − y(P 2 )| ≥ 1 in the minimal model, with |x(P 1 ) − x(P 2 )| < 1 occurring only if x(P 1 ) = x(P 2 ). Thus, either |x(P 1 ) − x(P 2 )| ≥ |u| −2 or |y(P 1 ) − y(P 2 )| ≥ |u| −3 in the original model.
Let a 1 , . . . , a 6 ∈ O K satisfy |a j − a j | < |u| 7 . Then the same change of variables as above will send a 1 , . . . , a 6 to a minimal model a ′ 1 , . . . , a ′ 6 ∈ O K , |a j −a j | < 1, describing an elliptic curve E with good reduction. By Lem. 4.6, the maps E[ℓ n ] → E[ℓ n ] and E[ℓ n ] → E[ℓ n ] induced by the reduction of the minimal models are bijective homomorphisms. There is an isomorphism E[ℓ n ] ∼ E[ℓ n ], since the minimal models reduce to the same model for E and E. Thus we have a bijective homomorphism ι n : E[ℓ n ] → E[ℓ n ] with |x(P ) − x(ι n (P ))| < 1, |y(P )−y(ι n (P ))| < 1 in the minimal models, and |x(P )−x(ι n (P ))| < |u| −2 , |y(P ) − y(ι n (P ))| < |u| −3 in the original models. Now let γ ∈ Gal(K/K). Then, in the original models, |x(γ(P )) − x(γ(ι n (P )))| = |γ(x(P ))−γ(x(ι n (P )))| < |u| −2 , |y(γ(P ))−y(γ(ι n (P )))| < |u| −3 (since the norm is Galoisinvariant) and |x(γ(P )) − x(ι n (γ(P )))| < |u| −2 , |y(γ(P )) − y(ι n (γ(P )))| < |u| −3 . As we would have |x(γ(ι n (P ))) − x(ι n (γ(P )))| ≥ |u| −2 or |y(γ(ι n (P ))) − y(ι n (γ(P )))| ≥ |u| −3 if γ(ι n (P )) were not equal to ι n (γ(P )), we can conclude that γ(ι n (P )) = ι n (γ(P )), i.e., ι n respects the action of the Galois group on E[ℓ n ] and E[ℓ n ]. Therefore, ι n induces an isomorphism of Tate modules T ℓ (E) → T ℓ (E) as Gal(K/K)-modules. Since E (and hence E) has potentially good reduction, the root number W (E) (resp. W (E)) is determined by the representation of the Weil group W (K) ⊂ Gal(K/K) on T ℓ (E) (resp. T ℓ (E)). Hence W (E) = W (E). Proof. We may assume a 1 , . . . , a 6 ∈ O K . We first wish to show that there is one change of variables that sends any nearby a 1 , . . . , a 6 ∈ O K with ∆ = 0 to a minimal Weierstrass model. Whether or not a change of variables x ′ = u 2 x + r, y ′ = u 3 y + u 2 sx + t (u, r, s, t ∈ O K , u = 0) sends a Weierstrass model over O K to another Weierstrass model over O K depends on r, s and t only modulo u 6 O K ; small displacements in u do not matter either. Since {u ∈ K : 1 ≤ |u| ≤ C} is compact for any C, it follows that, if we need consider only changes of variables with u bounded in norm from above, we may consider only a finite number of changes of variables. This is indeed the case, as we must have |u| ≤ |c 4 | −1/4 . For each of these finitely many changes of variables, there is a neighbourhood V of (a 1 , . . . , a 6 ) such that either all (a 1 , . . . , a 6 ) ∈ V are sent to integer tuples (a ′ 1 , . . . , a ′ 6 ), or none of them are. Let U be the intersection of all such neighbourhoods. Then U is an open set for which there is a single change of variables sending any (a 1 , . . . , a 6 ) ∈ O K with ∆ = 0 to a minimal Weierstrass model.
We may now let that single change of variables act on (a 1 , . . . , a 6 ) and its neighbourhood; thus, we may assume that any (a 1 , . . . , a 6 ) ∈ U is minimal. Let (a 1 , . . . , a 6 ) ∈ U satisfy ∆ = 0, |a j − a j | < 1 and |j(a 1 , . . . , a 6 )| > 1. Then (a 1 , . . . , a 6 ) will have (a) split multiplicative reduction, (b) unsplit multiplicative reduction or (c) additive, potentially multiplicative reduction depending on whether (a) v(c 4 ) = 0 and the reduction of a 1 , . . . , a 6 describes a singular cubic with a split node, (b) v(c 4 ) = 0 and the reduction of a 1 , . . . , a 6 describes a singular cubic with an unsplit node, (c) v(c 4 ) > 0. Thus the reduction type is constant in the neighbourhood {(a 1 , . . . , a 6 ) ∈ U : |a j − a j | < 1, |j(a 1 , . . . , a 6 )| > 1} of (a 1 , . . . , a 6 ). Since, in the case of potential multiplicative reduction, the root number depends only on K and the reduction type (vd., e.g., [26] , §19, Prop. (ii)), it follows that the root number is constant for all tuples (a 1 , . . . , a 6 ) in U with ∆ = 0.
The local constancy ensured by Prop. 4.7 and Prop. 4.8 is all we will need to show that t → W (E (t)) is pliant. Lemma 4.10. Let K be a local field. Let E be an elliptic curve over K(T ). Suppose E has a place of multiplicative reduction at (T −t 0 ), where t 0 ∈ K. Then there is a punctured neighbourhood U of t 0 on which W (E (t)) is constant.
Proof. Let (c 4 , c 6 , ∆) be parameters of a Weierstrass equation for E minimal over K(T ) with respect to the valuation induced by (T − t 0 ). Then (T − t 0 ) divides ∆ but not c 4 ; moreover, (T − t 0 ) is absent from the denominators of the parameters a 1 , . . . , a 6 . Apply 4.8.
Lemma 4.11. Let K be a local field of characteristic = 2, 3. Let E be an elliptic curve over K(T ). Suppose E has a place of additive, potentially multiplicative reduction at (T − t 0 ), where t 0 ∈ K. Then there is a punctured neighbourhood U of t 0 on which W (E (t)) depends only on (t − t 0 ) mod K * 2 .
Proof. Set t 0 = 0 for notational simplicity. Let E be given by parameters c 4 , c 6 ∈ K(T ) minimal with respect to the valuation v T induced by T . Let a ∈ K * . For t ∈ aK * 2 , we may substitute t = a(t ′ ) 2 and obtain new parameters c ′ 4 (t ′ ) = c 4 (a(t ′ ) 2 ), c ′ 6 (t ′ ) = c 6 (a(t ′ ) 2 ) describing an elliptic curve E ′ over K(T ′ ). Since v T (c 4 ) = 4k + 2, v T (c 6 ) = 6k + 3, we obtain v T ′ (c ′ 6 ) = 4(2k + 1), v T ′ (c ′ 6 ) = 6(2k + 1), and thus E ′ has multiplicative reduction over K(T ′ ) at T ′ . The statement now follows by Lem. 4.10.
Lemma 4.12. Let K be a local field of characteristic = 2, 3. Let E be an elliptic curve over K(T ). Suppose E has a place of potential good reduction at (T − t 0 ), where t 0 ∈ K. Then there is a punctured neighbourhood U of t 0 on which W (E (t)) depends only on (T − t 0 ) mod K * 12 .
Proof. Set t 0 = 0 for notational simplicity. Let E be given by parameters c 4 , c 6 ∈ K(T ) minimal with respect to v T . Since char(K) = 2, 3, the curve E acquires good reduction over K(T 1/12 ). Let a ∈ K * . For t ∈ aK * 12 , we may substitute t = a(t ′ ) 12 and obtain new parameters c ′ 4 (t ′ ) = c 4 (a(t ′ ) 12 ), c ′ 6 (t ′ ) = c 6 (a(t ′ ) 12 ) describing an elliptic curve E ′ over K(T ′ ). Since E has good reduction over K(T 1/12 ), there is a non-negative integer k such
. Thus E ′ has good reduction over K(T ′ ) at T ′ . Apply Lem. 4.9. • additive, potentially good and quite bad in all remaining cases. We say that bad reduction is half bad if a quadratic twist of the curve in question has good reduction, and quite bad if no quadratic twist has.
From now on, K will be a global field. Fix a finite, non-empty set of places S of K with M K,∞ ⊂ S. Let E be an elliptic curve over K(T ) given by c 4 , c 6 ∈ K(T ). Then there is a homogeneous Q ∈ O K,S [x, y] such that Define M E and B E as in (2.1). We will henceforth let (a|b) d be as in (4.1). Let d E ∈ I K be the principal ideal generated by 
5.2.
From the root number to Liouville's function. The root number of an elliptic curve over a global field K is the product of its local root numbers
over all places v of K. Similarly, given d ∈ I K , we define the putative root number V d (E ) of an elliptic curve E over K(T ) to be the product
of its local putative root numbers, which are defined as follows.
Definition 4. Let K be a global field of characteristic = 2, 3. Let E be an elliptic curve over K(T ). Let d ∈ I K be an ideal divisible by d E . Let v be a place of K(T ). Define the local putative root number V v (E ) to be a map from A E to {−1, 1} whose values are given as follows:
( y) ) d if the reduction is additive and potentially multiplicative, y) ) d if the reduction is additive and potentially good, and v(∆) is even but not divisible by four,
the reduction is additive and potentially good, and v(∆)
is odd and divisible by three, (6) V d,v (E ) = (−3|P v (x, y)) d if the reduction is additive and potentially good, and v(∆)
is divisible by four but not by three.
Proposition 5.1. Let K be a global field. Let p be a prime of K such that char(K p /pK p ) = 2, 3. Let E be an elliptic curve over K. If the reduction of E at p is additive and potentially good, then (1) W p (E) = (−1/p) if v p (∆(E)) is even but not divisible by four, (2) W p (E) = (−2/p) if v p (∆(E)) is odd and divisible by three,
is divisible by four but not by three. If the reduction of E at p is additive and potentially multiplicative, then W p (E) = (−1/p). If the reduction is multiplicative and c 6 is the parameter from any Weierstrass model of E, then W p (E) = −1 when −c 6 ∈ (K * p ) 2 and W p (E) = 1 when −c 6 / ∈ (K * p ) 2 . In particular, if v p (c 6 ) = 0, then W p (E) = −(−c 6 /p).
Proof. These formulae are proved in [26] , Prop. 2-3, when K = Q, and in [28] , for K a number field. (Note that −c 6 ∈ K * p 2 in the case of multiplicative reduction if and only if the reduction is split.) Rohrlich's arguments rest on older work (see [6] ) valid for local fields of any characteristic, and his proofs are general enough to carry over to all local fields with residue characteristic = 2, 3.
Lemma 5.2. Let K be a global field of characteristic = 2, 3; fix a finite, non-empty set of places S of K with M K,∞ ⊂ S. Let E be an elliptic curve over K(T ). Let d E be as in (5.2) . Let d ∈ I K be an ideal divisible by d E . Then, for all but finitely many (x, y) ∈ A E ,d , the putative root number V d (E ) is given by
where f is a bipliant function on K 2 .
Proof. Let v be a place of K. If the reduction of E at v is good, then V d,v (E ) is equal to the constant 1 and hence is bipliant. If the reduction of E at v is additive, V d,v (E ) is bipliant by properties (4) and (7) of (·|·) d (see subsection 4.5). If the reduction of E at v is multiplicative, then V d,v (E ) is equal to the product of λ(P v (x, y)) and a bipliant function by Corollary 4.5 and by the fact that deg(C 6 (x, y)) is even.
The reduction of E at v is bad for only a finite number of places v. Since the product of finitely many bipliant functions is bipliant, we obtain
where f (x, y) is a bipliant function. 
where g d,v is a bipliant function on K 2 and h d,v :
if v is additive and quite bad, Proof. Case 1: E has half-bad reduction at v. We are given e v,4 ≥ 2, e v,6 ≥ 3, e v,D = 6. Let p|P v (x, y), p ∤ d. Then E (y/x) has half-bad reduction at p if v p (P v (x, y)) is odd, and good reduction if v p (P v (x, y)) is even. Hence, by Prop. 5.1,
Case 2: E has multiplicative reduction at v. We are given that e v,4 = 0, e v,6 = 0, e v,D > 0. For p|P v (x, y) with p ∤ d, E (y/x) has multiplicative reduction at p. By Prop. 5.1, W p (E (y/x)) = −(−C 6 (x, y)/p). 
Case 4: E has additive, pot. good reduction with gcd(e v,D , 12) = 2. We are given that the reduction of E mod v is additive and potentially good, and that gcd(e v,D , 12) = 2. Hence gcd(v p (D(x, y) 
if v p (P v (x, y)) ≡ 1, 5 mod 6, 4
if v p (P v (x, y)) ≡ 2, 4 mod 6, 6
if v p (P v (x, y)) ≡ 3 mod 6 12 if v p (P v (x, y)) ≡ 0 mod 6. So, by Proposition 5.1, 
where S E ,d is a finite set of places of K containing S, g : A E ,d → {−1, 1} is a bipliant function supported on S E ,d , and, for all p / ∈ S E ,d , the map u p :
for σ in Gal(L/K), and Frob p is the Frobenius element of p in Gal(L/K).
Proof. It follows from the definition of local root numbers that W p (E (x/y)) = 1 when E (x/y) has good reduction at p (see, e.g., [27] , Sec. 19, Prop (i)). Let S ′ = S ∪ {p : p|d}. Then, for all (x, y) ∈ A E ,d ,
We know that W v = −1 for every non-archimedean v (see, e.g., [27] , Sec. 20).
Let p / ∈ S ′ be a prime at which E (x/y) has bad reduction. Since
and D 0 |d, we must have p|P v (x, y) for some place v with e v,D > 0. By the definition (5.2) of d, it follows that p ∤ P u (x, y) for every place u = v of K(T ). Thus
where f is bipliant. By Thm. 4.13 (and W v = −1 for v ∈ M K,∞ , K a number field), the map (x, y) → W v (E (x/y)) is always bipliant. The map
is the product of finitely many bipliant maps, and is thus itself bipliant. Let S E ,d be superset of S ′ such that g 0 is supported on S E ,d . Define (Pv(x,y) )−1 , x, y).
otherwise.
Whether or not p|P v (x, y) for some x, y ∈ O Kv depends only on the conjugacy class of Frob p in the splitting field of P v (x, 1) over K. Properties (2) and (3) follow from (5.3) .
For v a place of multiplicative reduction, notice that, for k ≥ 1 and p / ∈ S E ,d , both U k,0 (−C 6 (x, y)p −vp (C 6 (x,y)) /p) dxdy and
The distribution of the global root number
As might be expected from Prop. 5.4, the behaviour of (x, y) → W (E (x/y)) depends strongly on whether B E (x, y) = 1 or M E (x, y) = 1 holds. Suppose B E (x, y) = 1 We will show (Lem. 6.1) that t → W (E (t)) is then pliant as a function on K. We will also prove (Cor. 6.2) that there are families of quadratic twists E /K(T ) for which t → W (E (t)) is constant on K. Thus a case first noted over Q ( [1] ) appears over any number field.
Let us now focus on K = Q. Suppose that M E (x, y) = 1 but B E (x, y) = 1. We will see that the averages of W (E (t)) over Z and Q can then be expressed as infinite products (Thm. 6.3, 6.4). This result is conditional on hypotheses A 1 (B E (x, 1)), A 2 (B E ), which, as noted in §2.2, are known for B E of low degree, and are believed to hold for all B E .
Generically, M E (x, y) = 1. We will show that the average of W (E (x/y)) is 0, conditionally on A j (B E ) and Chowla's conjecture (B j (M E )). For M E (x, y) = 1, 2, 3, av λ(M E (x, y)) is known to be 0, and thus Chowla's conjecture is not needed.
Questions on distribution need not be limited to averages; they may concern autocorrelations as well. Given
by Prop. 5.4. The average of this expression will be zero for M E = 1, conditionally on the appropriate hypotheses. 6.1. Quadratic twists. Lemma 6.1. Let K be a global field of characteristic = 2, 3. Let E be an elliptic curve given by a Weierstrass equation
Then t → W (E t ) is a pliant function defined throughout K * .
In particular, t → W (E t ) is locally constant on K * .
Proof. Let S be the union of the set of infinite places, the set of primes whose residue fields have char. 2 or 3, and the set of primes dividing the discriminant of y 2 = x 3 + ax + b. We know from Thm. 4.13 that t → v∈S W (E (t)) is pliant and defined throughout K * . It remains to show that t → p/ ∈S W (E (t)) is pliant as well. By Prop. 5.1, p/ ∈S W (E (t)) = p/ ∈S (−1/p) vp (t) . Hence
is the quadratic Hilbert symbol. Since a,b v depends on a, b ∈ K * only mod K * 2 , p/ ∈S (−1/p) vp (t) depends on t ∈ K * only mod K * 2 . Therefore t → W (E (t)) is pliant.
Corollary 6.2. Let K be a global field of characteristic = 2, 3. Let E be an elliptic curve given by a Weierstrass equation
Proof. By Lem. 6.1, t → E t is pliant. Hence there is an integer m and a finite set S of places of K such that E t depends only on the image of t in (K * v /K * v m ) v∈S . We will construct a square-free polynomial f such that f (t) ∈ K * v m for every v ∈ S. Since E t = E t 2 0 t for every t 0 ∈ K * , we may assume m = 2 n for some n ≥ 0. Suppose K is a function field. Let p n = max v∈S N v, where N v is the cardinality of the residue field of K v ; if S is empty, let p n = 3 instead. Set f = 3 2 t p n −1 + 4 2 if p = 5, f = (9 2 − 7 2 ) 2 t p n −1 + (2 · 9 · 7) 2 if p = 5. Now assume K is a number field. Let s = (N 3) 2 (N 5) 2 v ∈ S finite, odd N v. Choose r ∈ Z + with r ≡ −1 mod s, r ≡ (N 2) 2n mod (N 2) 2n+1 . Set f = 3 2 t r + 4 2 . 6.2. Families without multiplicative reduction. Theorem 6.3 (A 1 (B E (t, 1) )). Let E be an elliptic curve over Q(t). Suppose M E (t, 1) = 1. Let a ∈ Z, m ∈ Z + . Then there is a finite extension K/Q such that
Note that c, C and f σ can be computed in finite time, and that bounds on the speed of convergence in A 1 (B E (t, 1)) (vd. [15] ) yield bounds on the speed of convergence of (6.2). The same will be true of Thm. 6.4.
Hence W ∞ · W 2 · W 3 · p>3 (−1/p) vp(f 3 1 (t)−f 3 2 (t)) equals 1 for v 2 (t) = 0, and −1 for v 2 (t) = 0. It remains to consider
(t)−f 3 2 (t)) for p > 3. Notice first that
Assume p = 2, 3, 7, 19, so that p ∤ Disc(f 3 1 − f 3 2 ). Let K/Q be the splitting field of
(t)−f 3 2 (t)) dt equals 1 − 6 (p + 1) 2 if p splits completely in K/Q and p ≡ 1 mod 4, 1 − 4 (p + 1) 2 if p splits completely in K/Q and p ≡ −1 mod 4, 1 − 2 (p + 1) 2 if p does not split completely in K/Q and p ≡ −1 mod 4.
Note that K/Q is a quartic abelian extension of Q with discriminant 3 2 · 19 2 . Since √ 11 2 − 4 · 19 2 = 21 · √ −3, any p splitting completely in K/Q must be ≡ 1 mod 3. Given that Q × 3 does not have any open subgroup of index 4, and that the only subgroup of Q × 19 of index 2 is Q × 19 2 , we may conclude that p splits completely in K/Q iff (p/3) = (p/19) = 1.
Consider now p = 7, 19. If p = 19, then v p (b 6 · (f 3 1 (a/b) − f 3 2 (a/b))) ∈ {0, 1} for all coprime a, b ∈ Z; thus p = 19 will not figure in the infinite product. If p = 7, then Wp(E (t)) (−1/p) vp (f 3 1 (t)−f 3 2 (t)) dt = 1 2 (1 − p −2 ). We conclude that, for any sector S ⊂ R 2 , (6.4) av Q,S∩Z 2 W (E (t)) = 1 6 p =2,3,7, 19 1 − a p (p + 1) 2 = 0.1527 . . . , where a p = ((p/3) + 1)((p/19) + 1) + (−1/p) + 1. By [15] , Prop. 4.12, A 2 (B E ) holds, and (6.4) is unconditional.
Averages over function fields. The analogues of A 1 and A 2 over function fields are known 6 ([23], [22] ). Thus, the following results are unconditional. Proposition 6.5. Let E be an elliptic curve over K(T ), where K = F q (u) and char(K) = 2, 3. Suppose M E (t, 1) = 1. Then there is a finite extension L/K such that where c ∈ Z + , C ∈ Q ∩ [−1, 1], f σ ∈ Q[t] and f σ (q −l ) < q 2l for σ ∈ Gal(K/Q), l > c. 6 The assumption of separability in [23] is made unnecessary by the argument in [22] , §7. The same argument suffices to show that there is no contribution from inseparable places to the infinite products below: given an irreducible, inseparable polynomial f ∈ Fq[u] [t] , there are only finitely many irreducibles π ∈ Fq[u] such that π 2 |f (t) has solutions in Fq [u] . Various other proofs of the same are possible [5] .
Proof. Proceed as in Thm. 6.3, with the soil (P, A , r, f ) described by Proposition 6.6. Let E be an elliptic curve over K(T ) without places of multiplicative reduction, where K = F q (u) and char(K) = 2, 3. Then there is a finite extension L/K such that (6.6) lim n→∞ (t 1 ,t 2 )∈Zn W (E (t 1 /t 2 )) #Z n = C · P irreducible deg(P )>c
and f σ (q −l ) < q 2l for σ ∈ Gal(K/Q), l > c.
Proof. Proceed as in Prop. 6.5.
6.3. Families with multiplicative reduction. It remains to prove Thms. 2.1 and 2.2, conditionally on A 1 (B E (t, 1)), B 1 (M E (t, 1)) and A 2 (B E (x, y)), B 2 (B E (x, y)), respectively. Thanks to Props. 3.11 and 3.12 in [15] , the two theorems follow from Prop. 5.4 almost immediately, in much the same way as Thms. 6.3 and 6.4.
Proof of Thm. 2.1. Proceed as in Thm. 6.3, with σ p = 0 and B 1 (M E (x, 1)) as the input for (3.12) in [15] .
Proof of Thm. 2.2. Proceed as in Thm. 6.4, with σ p = 0 and B 2 (M E ) as the input for (3.14) in [15] .
Explicit bounds for A j , B j yield results with explicit bounds of similar strength for the speed of convergence.
Under the same conditions as above, all expressions of the form j W (E (t + c j )) for any distinct c j ∈ Z (resp. any distinct c j ∈ Q) have strong zero average over the integers (resp. over the rationals); the proof is exactly the same as those of Thms. 2.1 and 2.2, with (6.1) used instead of (5.4) . Similarly, we can prove B 1 (M E (x, 1)) (resp. B 2 (M E )) given A 1 (B E (x, 1)) (resp. A 2 (B E )) and the conclusion of Thm. 2.1 (resp. 2.2); we must just multiply both sides of (5.4) by λ(M E (x, y))/W (E (x/y)) before usage.
It is a simple matter to construct a family E with M E equal to a given square-free homogeneous polynomial in O K,S [x, y], up to multiplication by a scalar. For example, if we want M E = x 3 + 2y 3 , we may choose c 4 = 1 − 1728(t 3 + 1), c 6 = (1 − 1728(t 3 + 1)) 2 .
In general, we can construct an elliptic curve E over K(T ) with certain factors in the denominator of j. Then we may apply quadratic twists to make places of additive, pot. mult. reduction into places of mult. reduction, and vice versa, as desired.
